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Abstract 

In this paper we are going to get the non tangential convergence, in 
an appropriated parabolic "gaussian cone", of the Ornstein-Uhlenbeck 
semigroup in providing two proofs of this fact. One is a direct proof by 
using the truncated non tangential maximal function associated. The 
second one is obtained by using a general statement. This second proof 
also allows us to get a similar result for the Poisson-Hermite semigroup. 

Key words and phrases: Non tangential convergence, Ornstein- 
Uhlenbeck semigroup, Poisson-Hermite semigroup, Hermite expansions. 



Resumen 

En este articulo vamos a obtener la convergencia no tangencial, en 
un "cono gaussiano "parabolico apropiado, del semigrupo de Ornstein- 
Uhlenbeck dando dos pruebas diferentes de ello. La primera es una prue- 
ba directa usando la funcion maximal no tangencial truncada asociada. 
La segunda prueba se obtiene usando principios generales. Esta ultima 
prueba nos permite obtener un resultado analogo para el semigrupo de 
Poisson-Hermite. 
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Palabras y frases claves: Convergencia no tangencial, semigrupo 
de Ornstein-Uhlenbeck, semigrupo de Poisson-Hermite, desarrollos de 
Hermite. 

1 Introduction 

Let us consider the Gaussian measure jd{x) = ^^d/i with a; e K'^ and the 
Ornstein-Uhlenbeck differential operator 

i = ^A, - (x,V,). (1) 

Let /? = (/3i,...,/3rf) G N'' be a multi-index, let /?! = IltiA!, = 
Eti A, ^^ = for each 1 < z < d and 9'^ = 9f\..af^ 

Let us consider the normalized Hermite polynomial of order /3, in d vari- 
ables 

^^(-)-(j4rn(-i)"-^^-^(^-^')' (2) 

then, since the one dimensional Hermite polynomials satisfies the Hermite 
equation, see [7j, then the the normalized Hermite polynomial hp is an eigen- 
function of L, with eigenvalue — 

Lhji(x) = -\^\hfi[x). (3) 

Given a function / G LM^^^) its /3-Fourier-Hermite coefficient is defined by 

=< />/3 >7.= / !{x)h;i{x)-ia{dx). 
Jr'' 

Let C„ be the closed subspace of L^ijd) generated by the linear combinations 
of {hp : |/3| = n}. By the orthogonality of the Hermite polynomials with 
respect to jd it is easy to see that {C„} is an orthogonal decomposition of 
LHld), 

oo 

L\ld)=^Cn 

which is called the Wiener chaos. 

Let Jn be the orthogonal projection of L'^{jd) onto C„. If / is a polynomial, 

Jnf = J2 

|/3|=n 
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The Ornstein-Uhlenbeck semigroup {'7t}t>o given by 

1 f e-'"(|xp + |H|^)-2e-*(x,i,> 

Ttfi^) = —m / e !{v)iMv) 



e i-e— f{y)dy. (4) 



1 



{Tt}j>Q is a strongly continuous Markov semigroup of contractions on L^^jd), 
with infinitesimal generator L. Also, by a change of variable we can write, 



Ttf{x)^ /(Vl-e-2tu + e-*x)7d(dM). (5) 



Definition 1.1. The maximal function for the Ornstein-Uhlenbeck semigroup 
is defined as 

T*f{x) = sup|TJ(x)| 



= ~dJ2n 2W2I / ^-"-^ f{y)dy\. (6) 

o<r<i 7r''/2(l - r2)'*/2 

In [1] C. Gutierrez and W. Urbina obtained the following inequality for 
the maximal function T*/, 

T*f{x) < CdM^Jix) + (2 V IxD'^el-l'll/lli,^,, (7) 

where M^^f is the Hardy-Littlewood maximal function of / with respect to 
the gaussian measure 7(j, 



M^,/(x) = sup-^^^^-— ^ / \f{y)\id{dy). (8) 



1 

r>0 Jd{B{x,r)) JB(x,r) 

Unfortunately, this inequality only allows to get the weak (1,1) continuity 
of T* f in the one dimensional case, d = 1, but allows to get a pointwise 
convergence result. Several results of this paper, see Lemma 1.1 and Theorem 
1.2, use techniques contained in that paper. 

If / g L^{'jd),u{x,t) = Ttf{x) is a solution of the initial value problem 

{du . , , , 

-Q^{x,t) = Lu(x,t) 
u{x,0) = f{x) 
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where u{x,0) = f{x) means that 

lim u(x,t) = fix), a.e.x 

We want to prove that this convergence is also non-tangential in the following 
sense. Let 

r^(x) = e 1 :| y - X |< A ^ A l| (9) 

be a parabolic "gaussian cone" . We want to prove that 

Using the Bochncr subordination formula (see [6]), 



we define the Poisson-Hermite semigroup {Pt}t>a 



1 /""^ e"" 



(10) 



{PjIj^p is also a strongly continuous semigroup on LP{"fii), with infinitesimal 
generator — (— L)^/^. From ([4| we obtain, after the change of variable r = 

. 1 f /■\ exp(tV41ogr)exp(^fe^) rf 

Definition 1.2. The maximal function for the Poisson-Hermite semigroup is 
defined as 

P*f{x)=sup\Ptf{x)\. (12) 
If / e L^{'-fd),u{x,t) — Ptf{x) is solution of the initial value problem 

— (a;,i) = ~Lu{x,t) 
u{x,0) = f{x) 
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where u{x,0) = f{x) means that 

lim u{x,t) = fix), &.e.x 

We want to prove that this convergence, for the Poisson-Hermite semigroup, 
is also non-tangential in the following sense. Let 

T^{x) = \{y,t)eW{+^ : |y - x| < < A ^ A l| , (13) 

be a "gaussian cone" . Also we want to prove that 

lim Ptf{y) = f{x), &.e.x 

In order to study the non-tangential convergence for the Ornstein-Uhlenbeck 
semigroup we are going to consider the following maximal function, that was 
defined by L. Forzani and E. Fabes [3]. 

Definition 1.3. The non tangential maximal function associated to the Ornstein- 
Uhlenbeck semigroup is defined as 

T;f{x)= sup \T^f{y)\. (14) 

Using an inequality for a generalized maximal function, obtained by L. 
Forzani in 2J (for more details see [5] pag 65-73 and 88-92), it can be proved 
that T*f is weak (1, 1) and strong {p,p) for \ < p < oo, with respect to the 
Gaussian measure. 

Actually for the non-tangential convergence for the Ornstein-Uhlenbeck 
semigroup it is enough to consider a "truncated" maximal function. Let 



Ff (x) = |(y,t) e Kt+i : |y - x| < < i < ^ A i| , 



(15) 



be a truncated parabolic "gaussian cone" 



Definition 1.4. The truncated non-tangcncial maximal function associated 
to the Ornstein-Uhlenbeck semigroup is defined as 

T*f{x)^ sup \Ttf{y)\. (16) 
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2 Non-tangential convergence of the Ornstein- 
Uhlenbeck semigroup: direct proof. 

As we have mentioned already, the main resuh of this paper is to prove the 
the non tangential convergence, in an appropriated parabolic "gaussian cone" , 
of the Ornstein-Uhlenbeck semigroup. Let us see a direct proof by using the 
truncated non tangential maximal function associated. 

In the next lemma we are going to get a inequality better than ^ for the 
truncated non tangential maximal function T*/, which implies, immediately, 
that T*f is weak (1,1) and strong {p,p) for 1 < p < oo, with respect to the 
gaussian measure. 

Lemma 2.1. 



for all X eR"^ 

Proof. Let us take u{y,t) — Ttf{y) and without loss of generality let us 
assume / > 0. 

Let Qo = and aj — ^/j, j G N, then aj < flj+i Vj G N, and let us 
denote 



Aj{y,t) = {ueR'^ : aj_i(l - e^^t)^ <| e-*y - u |< 0^(1 - e"^*)^}. 



the annulus with center e Now consider for each j G N the ball with 
center e~*?/, and radius 0^(1 — e"^*)^ and let us denote it by Bj{y,t) = 



T*f{x) < CdM^Jix), 



(17) 



B(e *y,aj(l 



)2), then 



Aj{y,t) 



B,{y,t)\B,^,{y,t) 



I e *y-u\ 



1 




Now if {y,t) G TV(x) and | e-^y - u |< aj(l - e^^t)! t^j^n. 
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e *x — u I = I e *.T — e *?/ + e *?; — u 



< \e \x-y)\ + \e *-y-u\ 

< e~*i5 + aj(l - e"^*)5 

< + aj{l - e^^*)i 

< (l + a,)(l-e-2*)i 



since t < 1 - e'^* if t < 0.8 

Considering Cj{x, t) — B{e^*x, (1 + aj){l — e^^*)^), we have 



1 °° f 



Now, 



/ f{u)du= [ /(M)el"l'e-I"l'dw 

JCj{x,t) Jcj{x,t) 

< g(l+a,)"(l-e-"*) + 2(l+a,)(l-e-=^*)i|e-'x| + |e-*a;|" /" f {u)e~^'^^^ du 

JCj{x,t) 

but, I e~*x — u |< (1 + aj){l — e^^*)5 and therefore, 

I a; - u 1 = 1 a; - e"*x + e"*a; -u\< (1 - e~*) | x | +(1 + aj){l - e"^*)^ 
Taking 

Dj(a;,i) = B(a;, (1 - e-*) | x \ +(1 + aj)(l - e-^*)^), 
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we get 



/(u)e-l"l du< /(u)e~l"l du 

Cj{x,t) JDjix.t) 

JDjix.t) JDjix.t) 

< M^,/(x)e-|"l' / ^^\u-x\^+2\x\\x-u\^^ 
JDjix.t) 

<M^,/(2;)e-l-l'+2|-l((i--")l-l+(i+''^-)(i-«"'*)*) [ e-l"-"l'dw 

JDjix,t) 
JEj(x,t) 



^heve Ej{x,t) = 5(0,(1-6"*) | x \ +(1 + aj)(l - e"^*)^). 

Since 7^ is a d— dimensional measure, and using that t < - — A -j, we get 



fiu)e-\^\"du < CrfM^,/(a;)e-l^l'+2|-l«i-'^"')l-l+(i+°^)(i-^"")') 

C'jix,t) 

x((l-e-*)|x|+(l + a,)(l-e-2*)^)'^ 

= CdM^,/(a;)e-l^l'+2|^l«i-^")l^l+(i+''^)(i-'^"*)' 

x(l-e-*)^((l-e-*)5 I X I +(l + aj)(l + e-* 

< CdM,J{x)e A 

x(l-e-)i ((i^^ + (l + a,)(l + e-)^ 
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Therefore 

f ^ (i+,^)^(i_e--)+2(l+a,)<i^£^+e--|.|= f _ . 

/ f(u)du < e t2 / f{u)e ' ' du 

JCj{x,t) JCj{x,t) 



<e t5 CdMjJ{x)e 

x(l - e"*)^(.^i^^^ + (1 + aj)(l + e-*)5)'^ 

(l+a,)^(l-e-a)+4(l+a,-) '^-';'">^ + "'^7''' „ 

<e (l-e~*)2 
< g(i+a,)^(i-e-3)+4(i+a,)v^+2 (1 _ (1 + (1 + a^- ) y2)''CdM^, /(x) , 



Thus, 



since < t < i and < 1, 1 + e * < 2, if t > 0. 



7r2 (1 - e-^*)2 ^ Jcjix.t) 



7r2 (1 + e *) 2 (1 — e *) 2 
^e-S-ie(i+'^.)'(i--"^)+4(i+-.)v^+2(i _ e-*)^(l + (1 + aj)^Y 



00 

X 



1 °° 1 
< CdM^,/(a;)^ V e--?-i+(i+'^.)'(i--"')+4(i+-.)v^+2(i + (1 + a^-)V2)^ 

since 1 + e~' > 1. Now it is easy to see that 



+ (1 + ajf{l - + 4(1 + aj)\f2 + 2 
= 4 + 4V2-e-^ - [-(2(1 -e-3) +4V2) +e-^V7]V7, 
which is negative for j sulRciently big, then 

^g-aJ_i+(l+a,)^l-e-2)+4(l+a,)v/2+2 ^ ^ ^^.)Y2)'^ ^ 00. 
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Thus u(y,t) < CdMj^f{x) and since {y,t) G r^'(a;) is arbitrary 
T*f{x) = sup uiy,t) < CdM^Jix). 

{v,t)£TP{x) 

□ 

Now we are ready to establish the convergence resuh for the Ornstein- 
Uhlenbeck semigroup. 

Theorem 2.2. The Ornstein-Uhlenbeck semigroup {Ttf} converges in L^{jd) 
a.e if t ^ , for any function f £ L^{^d), 



Um u(x,t) — f(x), a.e.x 
t->o+ 



(18) 



Moreover, if u{y,t) — Ttf{y) then u(y,t) tends to f{x) non tangentially ,i.e. 

lim TJ{y)^f{x), a.e.x. (19) 



Proof. We have, 



1 



7r2 (1 — e ^*) 2 



I e - u P 
1 - f(u)dv 



considering 



ri/(x) = lim 



sup I u{y,s) - f{x) I 

{y,s)er^{x).,0<s<a 



and let us set f{x) = f{x)x(o.k) + f{x){I - X(o.k)) = fi{x)+f2{x), for fc G N 
fix. 

Let us prove that 

^fix) < CdM^j2{x),a.e, 

for I a; I < A; — 1 . 

Let us consider x a Lebesgue's point for / e L^{jd), i-e. x verifies 



lim 



1 



f{u) - fix) I jdidu) = 



r^0+ -fd{B{x\r)) JB(x:r) 

Then given e > there exists < (5 < 1 such that 

f{u) - fix) I -fdidu) < e, 



7d(B(a;;r)) JB(x;r) 
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for < r < S. Let us define g as g{u) = 
Thus g depends on x and Mj^g{x) < e. 

On the other hand, since 



f{u)~f{x) if \u-x\<5 
if \u~x\>5 



u{y, t) - fix) = u\y, t) - fi{x) + u\y, t) ~ f2{x) 



where 



e *j/ — w p 



u\y,t)^—- —Tie f,{u)du z ^ 1,2, 

7r2 (1 — e •^'^j' 



then we get, 



e *?; — u p 



uHy,t)-f,{x) = -- --r / e 1 ~ e"^* {f^{u) - f,{x))dv 

7r2 (1 — e 



e ^y — u\^ 



1-e 



-2t 



7r2 (1 — e 2 J|x-«|<5 

- I e -y - u 



{f^{u) - f^{x))du 



1 



7r2 (1 — e 2*) 2 J|2;-«|>5 



Now we have that if | x |< fc — 1 and (y,^) € r^(x) with i < A -j, then 
G rP(x). Thus I M - a; |< (5 imphes 



M| = |u-a; + a;|<|u-x| + |x|<5 + fc-l<l + A;-l = fc 
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and then, fi{u) = f{u) A fi{x) = f{x). Therefore 



7r2 (1 — e~^*) 2 
1 

iri (1 — e^-^*)^ 
1 

7r^(l — e^^*)^ 



/ 

^ \x — u 



I e P 
1 - e-2' 



|a: — ii|<(5 



e *?/ — u p 



I e *y- u |2 
1 -e-- 



g{u)du 



< T*g{x) < CdM^,g{x) < Cae. 

Now observe that if {y,t) e rP(x) and < | then, \ u — x \> S imphes 
S <\ u — X \< \ u ~ y \ + \ y ~ X \ and thus 

S <\ u - y \ + \ y ~ X \<\ u - y \ <\ u ~ y \ +-, 



thus I It — y |> |. Therefore, 



7r2 (1 — e" 



/ 



e *y — M p 



1-e- 



-2t 



a;| >(5 



< 



I e - u p 

1 - e-2* 



7r2 (1 — e 2t) 2 7|„_j,|>5 



1 



I du 

- I e~*y-M |2 



- I h{x) I / e 

7r2 (1 — e 2t) 2 J|u-2;|><5 



I e u p 



< 



1 



7r2 (1 — e^2t) 2 



I fi{u) I du 



+ 



1 



e *t/ — M p 



7r2 (1 — e^-^*) 2 J|M-a;|>5 
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Now, we have 



^—-rf e 1-^"'* \fi{u)\du 



e *y — ti p 



7r2 (1 — e 2t) 2 J\u-y\>l 

-A ^ f 

^(1 - e 2t)2 y|„_j^|>|j„|<fc 



7r2 (1 — e 2 



e *y- u |2 



7r2(l — e 2t)2 J|,j-y|>|,|„|<fe 

- I e-^y-u |2 



1 



7r2(l-e 2t)2 J|„-y|>|,|„|<fc 



e 1 - e-2t el«l' | | g-l^l'dw 



e *-y — u^"^ 



7r2 (1 - e""^*) 2 J|„_y|>|,|„|<fe 
Then for < i < fog ^^^7^7^^ — y|>|,|w|<A; impHes that 

I e~^y — u\ = I e^*y — e^*M + e^*u — m | = | e^^{y — u) — {u — e~*w) | 

> e~* I y — u I — I w — e~*u 1= e~* \ y — u \ —(1 — e~*) | u \ 

/ Ak + 2S\ 4fc + (5 

but <t < log I — I and therefore e~* > — — , then, 

\Ak + S J Ak + 2S 

^^+r^2k+s)~k 



A{2k + 6) 



Ak + S ^_Ak + S-Ak_S 
4 " 4 " 4' 
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S S 
Therefore \ u — y \> |it|<fc implies | e^*y — u \> - and thus 



- I e 'y-u\'^ 

^T- z-z e l-e-2* \Mu)\du 

7r2 1 - e-^* 2 J|„-„|>4 



5^ 



< ^T- ;T;Te'=' / e'^^o^ | /(«) | e"!"! 

7r2(l-e-^*)2 J|„_j;|>|j„|<fc 

^2 I ,..2 ^2 , , 2 

g 16(l-c-2t)+'' /• ,,2 6 16(1- = -^')^ 

^ ^ I /(u) I e-H = ^- — rll/lli,7. 

7r2(l — e ^'^)2 jRd 7r2(l — e '^^)2 



On the other hand, taking the change of variable s = u — e *?/, we have 
^ -|e-*y-itp 



7r2 (1 — e ^'^j ^ ' ' 

I /l(^) I 



7r2(l — e 2t)2 J|^_s_e-tj/|>5 

I fi^) I 



' (is 



7r2(l — e J\x-s-e-*y\>5 

since, /i(x) f{x) as | a; |< fc — 1 < A;. 

fc-l-(5/2 \ 



gl_,-2t 



Thus taking < t < log — j — Sj/i/ ' I ~ ~ '^U \> S implies 

I s I = \ s — X + 6^*2/ + a; ~ 6^*2/ 1 = 1 s — X + e^^y — (e^*y — x) \ 
> \ s — X + e^^y I — I e^*y — x | . 

But 

I e~*?/ — a; I = | e~*y — e~*a; + e~^x — x |< e^* | y — a; | +(1 — e~*) | x | 
< e-*t5 + (l-e-*)(/s-l). 
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1 s 

Thus, since < —, 
- 2 



\ s - X + e~*y I - I e~*y - x \ > S ~ e~H2 - (1 - e~*)(fc - 1) 

> <5-e-*^-(fc-l)(l-e-*) 

= S-{k-l) + {k-l~^)e-\ 

J n . , f k-l-S/2\ , k-l- 3(5/4 

and as < t < log [j^^^A ) ' ^ > ^-1-^2 - 

|s| > (5 - (/c - 1) + (fc - 1 - (5/2)e-* 

fc - 1 - 35/4 



> 5-(/c-l) + (fc-l-(5/2). 



k-l- 6/2 



S-{k-l) + k-l- 3(5/4 = (5 - 3(5/4 = -. 



Then \ x — s — e *y \> 5 implies |s|>-ifO<i< log , 

4 \k — 1 — 3o/4 

g 

Therefore, taking w 



~2t ' 



e *?; - u P 



7r2 (1 - e-2*)2 J|„_y|>| 

(1- 
I /(^) I 



\h{u)\du 



7r2 (1 — e^2*) 2 J|s|>| 



7r2 J|t«|> 



4Vl-e-2t 

Now since, \ x \< k — 1 < k, then/2 (x) — 0. Hence 

I u'{y,t) ~f2{x)\ = \ u'{y,t) |< r*h{x) < C^M^Mx) 
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for {y,t) €E rP{x). Therefore, 

I uiy,t) - fix) \<\ u\y,t) - h{x) \ + \ u\y,t) - ^(x) | 
^u\y,t)- h{x)\ + \u^{y,t)\ 

(1-e 2t), J|„|>__i_ 

+CdM^j2{x), 

if (y,t)erp(x) and 

n . • f, /4fc + 25\ , {k-l-5/2\ 1 n 

< t < mmjlog (^-^j ,log (^^-^-^j , — A - j =: a. 

Thus taking supremuni on G TP{x), < t < a < a and then taking 

a — > 0"*" we obtain, 

<Q(e + Af^j2(2:)) 

for all e > and almost every x with | x | < fc — 1 . 

Given e > 0, let us take k sufficiently large such that 

IIMIi,^. <Qe^ 

then by the estimation of Q and the weak continuity of M^^ we get 

-/d{{x e M"^ :| X |< fc - l,nfix) >£})<£ 

and that implies that il/(x) = a.e. □ 

A similar proof for the Poisson-Hermite semigroup, using the non-tangential 
maximal function defined as 

v;fix)= sup \Ptfiy)l (20) 

{v,t)Gr-,ix) 

and its analogous truncated version, should be possible but it has some tech- 
nical difficulties that we have been unable to overcome so far. 
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3 Non-tangential convergence of the Ornstein- 
Uhlenbeck semigroup: alternative proof. 

Let us now prove a general statement for families of linear operators that will 
allow us to get a simpler proof of the non-tangential convergence, both for the 
Ornstein-Uhlenbeck semigroup and for the Poisson-Hermite semigroup. It is 
a generalization of Theorem 2.2 of J. Duoandikoetxea's book |T|. 

Theorem 3.1. Let {Tt}t>Q be a family of linear operators on LP(R'^,fj.) and 
for any x € R*^, let T{x) he a subset ofM!^^ such that x is in (r(a;))', that is 
to say X is an accumulation point ofT{x). Let us define 

T*f{x)^snv{\Ttf{y)\ : (y,i)er(x)}, 

for f e LP{W^, fi) and x eR'^. IfT* is weak {p, q) then the set 

5= (/eLP(M^Ai) : hm Ttfiy) = fix)a.e.] 

is closed in LP(R'',/i). 

Proof. Let us consider a equence (/„) in S such that /„ ^ f en L^ {W^ , jj.) , 
then 

\Ttfiy) " fix)\ - |TJ„(y) - /„(x)| < \Tt{f - fM ~ (fix) - /„(x))|, 
this implies that for each n G N, for almost every x, 



limsup \Ttf{y) - f{x)\ 

< limsup \Ttif~fn){y)-if{x)-fnix))\ 
iy,t)~^x,{y,t)er(x) 

< limsup \Ttif - fn)iy)\ 

{y,t)~^x,{y,t)er{x) 

+ limsup \f(x)-fn{x)\ 

(y,t)^x,{y,t)er{x) 

< T*{f-f,-,){x) + \f{x)-fr,{x)\. 

On the other hand, if we know that a < b+c then a > A implies b > V c > ^. 

Then, given A > and n € N, limsnp^y^t)^^^^y^t)er{x) \Ttf{y) - f{x)\ > A 
implies 

T*{f - fn){x) > ^ V \f{x) - /„(x)| > J a.e. 
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and this implies that, given A > 0, 



filU: hmsup \Ttf{y)-fix)\>\ 
<fi(^^^x:T*{f-fM>^ 

+/i (L : |/(x) - ,Ux)\ > ^ 



/9r 9 \^ 

< [—\\f - fnllpY + ijWf ~ fnWpj : 



for all n G N. Therefore, 



H\{x: hmsup |TJ(y) - > A U = 

\ { (y,t)^x,(yA)er(x) J / 

and since this is true for all A > 0, we get that 



as 



^i\{x■. limsup |TJ(y)-/(a;)|>0 UO, 

\ I {y,t)^x,{y,t)eT{x) I / 



x: limsup \Ttf{y)- f{x)\>Q 

(y,t)^xXy,t)£T{x) 



V\\^- limsup |TJ(y)-/(x)| > - 

, I {y,t)^x,(y,t)eT(x) n 



n=l 



Thus 



lim rj(y) = /(a;)a.e. 

(y,t)^x,(a,t)er(x) 



and then f S. Therefore 5 is a closed set in i?'(M'',^). □ 

Finally, as a consequence of this result, we get the non-tangential conver- 
gence for the Ornstcin-Uhlenbeck semigroup {Tt}t>o and the Poisson-Hermite 
semigroup {Pt}t>o- 
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Corollary 3.2. The Ornstein-Uhlenbeck semigroup {Tt}t>Q and the Poisson- 
Hermite semigroup {Pt}t>o verify 

lim Ttf{y) ^ f{x)a.e.x, 

(y,t)^a:,{y,t)&r?,{x) 

Proof. Let us discuss the proof for the the Ornstein-Uhlenbeck semigroup 
{Tt}t>Q- The proof for the Poisson-Hermite semigroup {Pt}t>o is totally 
similar. 

It is immediate that for any given polynomial f{x) — X]fc=o Jkf{x), since 
Ttf{y) = Tt{YZ=QJkf{y)) YJk=Q'^~^^Jkf{y), we have the non-tangential 
convergence, 

lim rj(y) = /(x), 

(y,t)^x..(v,t)&T?,(x) 

for all a; e K'^. Now considering the set 



^ = / e L^iid) ■■ ^ ^ lim TJiy) = f{x) a.e. 

corresponding to the Ornstein-Uhlenbeck semigroup, then the polynomials 
are in 5*. From the previous result, since non-tangential maximal function 
for the Ornstein-Uhlenbeck semigroup T*f is weak (1,1) with respect to the 
Gaussian measure, we get that the set S is closed in L'P{'-^d) and since the 
polynomials are dense in LP{-fd) then S = LP{'jd). □ 

We want to thank the referees for their suggestions and/or corrections that 
improved the presentation of this paper. 
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